As solid oxide fuel cell (SOFC) 
Introduction
Given their high efficiency, low emissions, and flexible fueling options, solid oxide fuel cells ͑SOFCs͒ have great potential in many applications including stationary power plants and mobile auxiliary power unit systems ͓1͔. Among different SOFC configurations, planar SOFCs have received increasing attention recently due to their compact size and higher power density and efficiency.
As SOFC technology evolves, mathematical models that can accurately describe steady-state and dynamic behaviors of SOFCs have become critical tools for SOFC system design and evaluation. Several dynamic models have been reported for planar SOFCs in the literature ͓2-9͔ and used to investigate their dynamics. Transient operating issues such as slow load following and large overshoots of temperature and temperature gradient have been identified in the dynamic response of SOFC systems ͓8,10-12͔, necessitating feedback control strategies to improve the system transient performance. In order to facilitate model-based control design and analysis, a simplified dynamic model with a low order that preserves the key dynamic characteristics of the system is always desirable.
Among the planar SOFC dynamic models reported in the literature, it has been recognized that different modeling assumptions have been used by different groups, thereby leading to different levels of model accuracy and complexity. For instance, different assumptions of temperature layers to represent the temperature distribution along the axis perpendicular to the cell plate have been used in these models, resulting in different numbers of temperature states in the energy balance dynamics of the fuel cell. Table 1 summarizes the different temperature layer assumptions found in the literature for dynamic planar SOFC modeling. Five temperature layers, i.e., fuel bulk flow, air bulk flow, positive electrode-electrolyte-negative electrode ͑PEN͒ assembly, and fuel/air-side interconnectors, are assumed in the SOFC models developed in Refs. ͓3,8͔. In Refs. ͓5,6͔, four temperature layers are used by considering the fuel and air-side interconnectors as one part for the cells in the middle of the SOFC stack. A threetemperature-layer assumption can be found in the models derived in Refs. ͓2,4͔, where the PEN and interconnector are combined as one temperature layer, called solid structure. In Refs. ͓7,9͔, only one temperature layer is assumed.
By combining layers with similar steady-state and dynamic characteristics in temperature response, the energy balance dynamics in the SOFC model can be simplified and the number of temperature states in the model is minimized. This model reduction, however, is only possible if the consequences of the simplification can be fully understood and the trade-off between model accuracy and complexity thoroughly evaluated. However, limited analysis has been reported about the influence of the temperature layer assumption on the performance of the dynamic planar SOFC model. Campanari et al. compared steady-state planar SOFC models with three ͑fuel, air, and solid structure͒ and nine ͑fuel, air, PEN, three in fuel-side interconnector, and three in air-side interconnector͒ temperature layers in Ref. ͓13͔ , based on steady-state simulation results. More recently, we studied the dynamic responses of planar SOFC models with assumptions of one to four temperature layers ͓14͔.
This paper extends the analysis presented in the conference paper ͓14͔. A dynamic baseline model of the co-flow planar SOFC is first derived. Given the scope of this study, the description is focused on the energy balance part. Finite volume discretization approach is applied to capture the spatial distribution of variables inside the fuel cell. In this baseline model, four temperature layers, i.e., fuel bulk flow, air bulk flow, PEN, and interconnector, are assumed, introducing four temperature states in the energy balance dynamics for each discretization unit. Three different assumptions with reduced numbers of temperature layers are then proposed for model simplification. The effects of these modeling assumptions on the performance of the dynamic planar SOFC model are evaluated by comparing both steady-state and transient simulations as well as performing linear analysis. As the endothermal direct internal reforming ͑DIR͒ activity in the SOFC could have a strong influence on the dynamics of the fuel cell, the impact of DIR on the selection of the temperature layer assumption is also investigated.
The rest of this paper is organized as follows: a dynamic baseline model is first described for a co-flow planar SOFC. Different assumptions of temperature layers for the SOFC modeling are then proposed and compared to evaluate the impact of the temperature layer assumption on the model performance. Conclusions and future work are discussed at the end of this paper. Figure 1 illustrates the operating principle of the co-flow planar SOFC considered in this paper. Six species, namely, CH 4 , CO, CO 2 , H 2 O, H 2 , and N 2 , are assumed in the fuel stream, and the fuel inlet composition depends on the type and operation condition of the fuel reformer. Dry air is fed into the cathode of the fuel cell as oxidant and coolant. As shown in Fig. 1 , besides the electrochemical reactions, the steam reforming ͑SR͒ and water gas shift ͑WGS͒ reactions in the fuel bulk flow are considered. Thus, all the reactions incorporated in the SOFC model are listed as follows:
Baseline Model of Co-flow Planar SOFCS
• The planar SOFC is often considered as a distributed parameter system in order to capture the spatial distribution along the flow field for variables such as temperature, species concentration, and current density ͓2-6,8,15͔. The governing equations are described using either partial differential equations or discretization technique. In this paper, the finite-volume discretization approach ͓8,13,16,17͔ is applied to derive the model for the co-flow planar SOFC shown in Fig. 1 . Using this method, the cell is virtually divided into a user-defined number of small units along the bulk flow direction, as illustrated in Fig. 2 , where the electrode and electrolyte layers are considered as one assembly structure, called the PEN. These discretization units are integrated to form the SOFC model by imposing the gas flows, heat exchanges, and current distribution relations.
Because of the high electrical conductivities of the interconnectors, the cell is assumed equipotential among the discretization units, and therefore we have 
where U j and U cell are the operating voltages of the jth unit and the entire cell, respectively, J is the total number of the discretization units, i j and A j are the current density and the electrochemical reaction area, respectively, in the jth unit, and I is the total current drawn from the cell. U j can be calculated as follows: 
The boundary conditions, n in,s f 1 , n in,s a 1 , q in,f 1 and q in,a 1 , depend on the fuel and air inlets to the fuel cell. The outlet molar and enthalpy flux in the fuel and air channels of each discretization unit can be calculated as follows:
where u out,f j and u out,a j are the speeds of the fuel and air outlet flows in the jth unit, respectively. C s f j and C s a j are the species concentrations in the fuel and air bulk flows, respectively. h s ͑T͒ is the specific enthalpy of species s at temperature of T. Given the small pressure drop across the fuel cell, u out,f j and u out,a j can be obtained using linear orifice relations and ideal gas law ͓8͔. The species concentrations, C s f j and C s a j , are determined by the mass balance dynamics, and the fuel and air temperature, T f j and T a j , by the energy balance.
Mass Balance Dynamics.
The mass balance dynamics of gas species in the fuel and air bulk flows in the jth discretization unit can be described as follows:
where the superscript j of all the variables is omitted because they all refer to the same discretization unit. This notation simplification will also be applied to other equations in the rest of this paper, due to the same reason. In Eqs. ͑12͒ and ͑13͒, l is the length of the discretization unit, ·,k is the stoichiometric coefficient in reaction k, r k is the kinetic rate of reaction k, and d f and d a are the heights of the fuel and air channel, respectively. The reaction rates, r k , are calculated following the approach used in Ref. ͓19͔.
Energy Balance Dynamics.
As mentioned in Sec. 1, one or more temperature layers are usually assumed in SOFC modeling to describe the temperature variation in the axis normal to the cell plate. Due to their small thickness and tight connection, the three layers in the PEN structure are often assumed to have the same temperature in dynamic SOFC models ͓2-9͔. In the SOFC model developed in Ref. ͓8͔, five temperature layers, i.e., PEN, fuel/air bulk flows, and fuel/air-side interconnectors are assumed. Note that, in the middle of a planar SOFC stack, the fuel/air-side interconnectors of adjoining cells are either manufactured as one part or tightly packaged together. The fuel/air-side interconnectors of adjacent cells can be treated as one temperature layer, called the interconnector, to reflect this assembly structure in the middle of the stack. Since the model developed here is intended to describe the cell in the middle of a co-flow planar SOFC stack, we consider four temperature layers, i.e., the fuel bulk flow, air bulk flow, PEN, and interconnector, in each discretization unit of the baseline SOFC model.
The temperatures in these four layers are calculated by solving the dynamic energy balance in each layer. The heat transfer considered in the model includes the convection between the bulk flows and their surrounding solid structures, the conduction in solid layers as well as radiation between PEN and interconnectors.
The energy balance dynamics in the fuel flow can be expressed as follows:
where e s f is the specific internal energy of species s f . The first term on the right hand side of Eq. ͑14͒ is due to the enthalpy flux of the bulk flow, and the second term accounts for the convective heat exchange between the fuel flow and its surrounding solid layers. The heat transfer coefficient can be obtained by assuming a constant Nusselt number of 4 ͓20͔. The last term of Eq. ͑14͒ is caused by the enthalpy flux due to the ox reaction at the anode. According to the relation for the ideal gas flow, e s f = h s f − p s f / C s f , where h s f is the specific enthalpy of species s f , we can obtain
Similarly, for the air flow, we have
From the energy balance in the solid components in the SOFC, the temperature dynamics in the PEN assembly and interconnector can be described as follows:
where q cond is the flux of heat conduction in the solid layers. The last terms in Eq. ͑17͒ and ͑18͒ are due to the radiation between the PEN and the interconnector. The dimension and material properties given in Ref.
͓5͔ for an intermediate-temperature anode-supported planar SOFC are used in this paper for simulation and analysis. For the convenience of reference, some geometry parameters are listed in Table 2 . A discretization grid with 16 evenly distributed units is selected here as a reasonable trade-off between model accuracy and simulation efficiency ͓8͔.
Analysis on Models With Different Assumptions of Temperature Layers
As shown in Table 1 , different assumptions of temperature layers have been used in SOFC models developed by different researchers, leading to models with different complexities. In this section, the impacts of different temperature layer assumptions on the performance of the SOFC model are evaluated based on simulation results.
Model Assumptions With Reduced
Number of Temperature Layers. In Sec. 2, four temperature layers, namely, fuel bulk flow ͑T f j ͒, air bulk flow ͑T a j ͒, PEN ͑T PEN j ͒, and interconnector ͑T I j ͒, are assumed in the energy balance dynamics, introducing four temperature states to each discretization unit in the SOFC model. Given that our ultimate goal is to provide a dynamic model with low complexity for feedback control design and system optimization, we attempt to minimize the number of temperature layers in the model assumption, thereby reducing the number of temperature states, as long as the key dynamics of SOFC are preserved in the simplified model.
With the four-temperature-layer baseline model described in Sec. 2 also referred to as the 4T model͒, three other models with reduced numbers of temperature states can be constructed, as listed in Table 3. • 3T: As the PEN assembly and the interconnector are the solid components in the fuel cell, the model called 3T considers them as one temperature layer with the same temperature profile and adopts the same assumption as used in Refs. ͓2,4͔. In this model, three temperature layers, i.e., the fuel bulk flow, air bulk flow, and solid structure ͑consisting of PEN and interconnector͒ are assumed. • 2T: One state is for the temperature of the air bulk flow and the other for the temperature of the remaining parts in each discretization unit. This model assumption can be justified by Fig. 3 , where the open-loop temperature response of the baseline model at four different locations in the fuel cell, i.e., the temperature in the 1st ͑T 1 ͒, the 6th ͑T 6 ͒, the 11th ͑T 11 ͒, and the last ͑T 16 ͒ discretization units, are shown. During the simulation, the current load and gas inlet conditions of the SOFC system switch at 100 s from part load to full load setpoints that are listed in Table 4 . These operating parameters are obtained through system steady-state optimization ͓12͔. As can be seen from Fig. 3 , the temperatures of the fuel bulk flow, PEN structure, and interconnector exhibit similar steady-state and dynamic responses, suggesting the possibility of combining these three parts as one tempera- Transactions of the ASME ture layer. In addition, considering the small volume in the gas channels, the energy of the gas accumulated in the fuel channel is neglected in the 2T assumption.
• 1T: Combining all four temperature layers into one gives the 1T model, where all layers in one discretization unit are assumed to have equal temperature and the energy of the gas accumulated in both fuel and air channels is neglected.
In order to isolate the effects of the reduced number of temperature states, except for the energy balance dynamics, other parts in the above three simplified models are kept the same as in the baseline 4T model. While the governing equations of the temperature dynamics for the baseline model have been derived in Sec. 2, equations for other models are listed as follows ͑note again that the superscript j is omitted͒:
Model Performance
Comparison. The performance of these SOFC models, which assumed different temperature layers, are first compared using the simulation platform developed in Ref.
͓12͔, where the SOFC system configuration illustrated in Fig. 4 is used. This system consists of a 25-cell co-flow planar SOFC stack, an external catalytic partial oxidation ͑CPOX͒ fuel processor and gas supply manifolds. Furthermore, in order to evaluate the impacts of the strongly endothermal SR reaction on the model simplification result, another case, where the fuel inlet to the SOFC contains a relatively high fraction of CH 4 and significant DIR activity takes place in the fuel cell, is also discussed at the end of this section. Figure 5 compares the steady-state spatial distributions of the current density, PEN temperature, and temperature gradient in the SOFC for both the part and full load operation conditions listed in Table 4 . In Fig.  5 , even though the four models exhibit similar trends in their distribution curves, noticeable degradation is shown in the 1T model, compared to the 2T and 3T models. In particular, the distributions of the PEN temperature and temperature gradient at full load operation show the largest error between the 1T and the baseline model. The larger modeling error shown at full load than at part load is due to the larger steady-state temperature difference between different layers at higher load level, as shown in Fig. 3 . On the other hand, no significant difference between the 3T and 2T models at steady state can be observed. Table 3 011011-6 / Vol. 6, FEBRUARY 2009 Transactions of the ASME and 2T models match the baseline model fairly well, the 1T model exhibits different transient behaviors for both the current increase and decrease cases, especially in the response of maximum temperature and temperature gradient in the PEN structure when the current load increases. The dynamic simulation results show almost identical transient response for the 3T and 2T models. The observations obtained based on simulations can also be confirmed by linear analysis. Figures 7 and 8 show the bode plots ͓21͔ of the linearized models at the part and full load operation conditions, respectively. In these plots, we show the frequency response of the stack voltage and maximum PEN temperature ͑T PEN 16 ͒ to the system inputs, which include the total current ͑I͒ and gas supply flow rates of CH 4 ͑N CH 4 ,in ͒, air to the CPOX ͑N airC,in ͒, and air to the cathode ͑N airS,in ͒. As shown in Figs. 7 and 8 , the linearized 1T model exhibits larger modeling error in the frequency response of T PEN 16 , compared to the 3T and 2T models. For example, as shown in Fig. 8 , the 1T model has a higher bandwidth than the other models in the response of T PEN 16 to N airS,in . In addition, the decaying rate of the magnitude is much faster in the 1T model than the other models at the frequency about 0.01-0.1 rad/ s, suggesting that the 1T model has higher order dynamics that do not exist in the other models. This is also consistent with the simulation results shown in Fig. 9 , which compares the transient response of the maximum PEN temperature, T PEN 16 in the co-flow SOFC, for different models subject to a 5% perturbation in N airS,in at the full operation condition. One can see that the 2T and 4T models have similar dynamic behaviors, which can be approximated by a first-order dynamic system. The 1T model, however, exhibits quite different dynamics that correlate with the higher order system response. From Figs. 7 and 8, it can also be found that the linearized 3T and 2T models have almost the same frequency response shown in these bode plots.
Simulation Results and Linear Analysis.
From Fig. 7 , it is noted that the dc gain in the stack voltage response to N airC,in has different signs for the simplified models and the baseline model at the part load operation condition. This is due to the system nonlinearity as well as the modeling error caused by combining the PEN and interconnector as one temperature layer at this particular operating setpoint. Figure 10 compares the sensitivity of the steady-state stack voltage to small perturbations in N airC,in for the 4T and 3T models at the part load operation condition. It can be found that, although the two curves exhibit similar trend in general, they have slopes with different signs at the operation point, which accounts for the different sign of the dc gains in the linear analysis. Despite this difference of the dc gains in linear analysis, the dynamic behavior of the 3T model is close to that of the 4T model, as shown in Fig. 11 where the system is subject to 0.1% and 1% perturbations in N airC,in . From Fig. 11 , one can observe that the transient response of different models have similar characteristics. However, for the 0.1% perturbation case, the 4T model predicts a steady-state voltage decrease while the 3T model predicts an increase, which is consistent with the linear analysis results. Both models show steady-state voltage decrease when the perturbation is increased to 1%. Due to the small sensitivity of the voltage to N airC,in , this subtle difference does not result in noticeable modeling error when the 4T model is reduced to the 3T and 2T models. large model error resulting from the 1T assumption arises, in part, because this assumption implies an infinite heat transfer rate between the air bulk flow and its surrounding solid structure. However, due to the relatively high velocity of the air flow and the limited heat transfer rate, the air flow and solid structure are not able to sufficiently exchange energy to reach the same temperature ͑refer to Fig. 3͒ . To illustrate this effect, we constructed an artificial SOFC model with increased convective heat transfer coefficients ͑two times and ten times of actual one͒ between the air bulk flow and the solid structure, and show the simulation results in Fig. 12 . For comparison, the responses of the 4T model with original heat transfer coefficients and the 1T model are also plotted. From Fig. 12 , as the heat transfer rate between the air flow and the solid walls increases, the response of the baseline 4T model becomes closer to that of the 1T model, verifying our hypothesis regarding the source of the model error introduced by the 1T Transactions of the ASME assumption. The relatively larger model error observed in the case of current increase shown in Fig. 6 can also be explained since the model error caused by the 1T assumption becomes more significant with faster air flow velocity at high load. Compared to the air flow, the fuel flow has much lower velocity. For example, at the part load operation condition given in Table 4 , the fuel flow velocity is about 1.5 m / s and the air flow about 10.5 m / s. The difference between the fuel and air flow speeds is even larger at full load operation ͑about 3.3 m / s versus about 30 m / s͒ because of the higher air excess ratio used at full load operation. At these speeds, the fuel flow can conduct sufficient heat transfer with the solid structure, resulting in a similar temperature response in the fuel flow and solid parts, as shown in Fig. 3 . Therefore, combining the fuel bulk flow and solid structure into one temperature layer, as in the 2T model, does not introduce significant error for our system. Figure 13 compares simulation results when the heat transfer coefficient between the fuel flow and the solid structure is intentionally decreased ͑5% and 0.5% of actual one͒ in the baseline model. As this heat transfer coefficient decreases, the 2T assumption would cause a larger model error, especially in the dynamic response of the maximum PEN temperature.
Reason for the Modeling Error in the 1T Model. The

Effects of Low Fuel Utilization and Fast Current
Increase. Figure 14 shows the simulation results of the system with the same operating parameters in Table 4 , except that a lower fuel utilization ratio ͑50%͒ is used. The rate limiter of current increase is set at 20 A / s in this case to allow a more rapid increase in the current load during transient. While the 1T model leads to significant model error, the 2T and 3T models are still consistent with the baseline model in dynamic response, especially considering the trend in slow dynamics. Compared to the simulation results plotted in Fig. 6 , larger differences in the response of the maximum PEN temperature can be observed between the 2T/3T and baseline models in Fig. 14 during the short period right after the current load is increased. This is because the lower fuel utilization ratios result in a higher current density in the last unit, which corresponds to the highest PEN temperature in the co-flow SOFC. With more rapid current increases, more heat is generated in the PEN structure of the last unit and accumulated here due to the finite, albeit fast, heat transfer rate between the PEN assembly and the other layers. Nevertheless, as shown in Fig. 14, the trend in the dynamic response of the 2T model still retains the main characteristics of the baseline model fairly well. Considering practical constraints such as actuator saturations and dynamics in parasitic devices, the current increase in the last unit during transients will be very limited in normal operations. Thus, the error introduced by combining the PEN and interconnector into one temperature layer can be expected to be negligible for our applications.
As revealed by the above analysis, the 2T assumption, i.e., as- suming two temperature layers ͑the air bulk flow and the solid structure͒ in the energy balance, represents a good trade-off between model accuracy and complexity. In this simplification, two states in each discretization unit are removed from the baseline model while the key dynamic characteristics are preserved. This model simplification also results in a significant reduction in computation time, as shown in Table 5 . All the models are built in MATLAB/SIMULINK. The CPU time reported is the average of three times the simulations considered in Fig. 6 , with the current increase from part to full load. All simulations are run on a desktop with a Pentium4 3.2 GHz CPU and 504 Mbyte memory. As shown in Table 5 , the 2T model can save about 40% CPU time, compared to the baseline model. It is also noted, however, that the 1T model imposes even more computation burden than the 3T and 2T ones do, and the reason needs to be investigated.
Impacts of Direct Internal
Reforming on Performance of Simplified Model. Reforming methane through SR and WGS reactions inside the fuel channel of SOFCs, as shown in Fig. 1 , is called DIR and has the potential to reduce the size of the external reformer and improve system efficiency ͓1͔. As shown in Sec. 2, DIR has been incorporated in the baseline model. Note that SR is a strongly endothermal reaction ͑⌬H 0 = 206 kJ/ mol͒; DIR could have significant influence on the spatial distribution and dynamic response of the SOFC, and therefore its impacts on model simplification results need to be analyzed.
For SOFC systems fed with fuels processed by the CPOX reformer, however, the amount of CH 4 remaining in the reformate is relatively small ͑less than 2% in molar fraction for the operation conditions given in Table 4͒ , which leads to insignificant steam reforming activity inside the SOFC. In order to investigate the effects of DIR on the performance of the SOFC models with simplified energy balance dynamics, it is assumed in the following that the fuel fed to the SOFC is reformed through an external SR pre-reformer with a specified pre-reforming ratio. The prereforming ratio is defined as the fraction of CH 4 processed in the reformer over the total amount of fuel entering the reformer. More CH 4 will remain in the reformate at lower pre-reforming ratio and reacts through the DIR inside the fuel channel of the SOFC.
Steady-state simulation results using models with different temperature layer assumptions in this case are compared in Fig. 15 , while Fig. 16 compares dynamic responses of these models. The operation parameters listed in Table 6 are used, where the pre- Fig. 15 Steady-state spatial distributions of "a… current density, "b… PEN temperature, and "c… temperature gradient. Operating setpoints given in Table 6 are used for simulations reforming ratio in the SR fuel processor is set at 20%, i.e., 80% CH 4 supplied to the system remains unreformed before entering the SOFC, resulting in a 23.5% molar fraction of CH 4 in the fuel inlet to the fuel cell. From Figs. 15 and 16 , the same conclusion can be drawn that the responses of the model with the 2T and 3T assumptions resemble the dynamic characteristics of the baseline model, while the 1T assumption induces large model errors. Therefore, DIR has insignificant influence on model simplification results for the system under consideration. The 2T model is valid even when substantial unreformed CH 4 is fed directly into the SOFC and reformed through DIR inside the fuel cell.
Conclusion and Future Work
Different assumptions of temperature layers result in different levels of accuracy and complexity in the SOFC models. In this paper, four models with different numbers of temperature layers are explored for co-flow planar SOFCs. The impacts of these different assumptions on the model performance are investigated by comparing the steady-state and dynamic simulation results as well as using linear analysis. Our analyses show that, for the SOFC under consideration, the temperature profiles in the fuel bulk flow, PEN, and interconnector can be approximated as one temperature layer. Therefore, the number of temperature states in each discretization unit can be reduced from 4 as in the baseline model to 2-the temperatures of the air bulk flow and solid structure-to reduce the order of the model while preserving the key dynamic characteristics of the SOFC. The model assuming only one temperature layer exhibits significantly larger error in dynamic responses compared to others.
It is noticed that, with a 16-unit discretization scheme, the SOFC model with the minimized number of temperature layers still has 160 states. The simplified model proposed here contains the same mass balance dynamics as the baseline model, which introduces eight concentration states for each discretization unit. Further model reduction is possible by approximating the gas flow dynamics using quasi-static relations, which is investigated in Ref.
͓19͔. Optimizing the discretization scheme in the SOFC modeling could also contribute to the further simplification of the SOFC model. While we believe that similar conclusions can be drawn for counter-and cross-flow planar SOFCs, more in-depth analysis is also warranted to understand how different flow pattern might affect the modeling assumption. Finally, to improve the performance of SOFC systems, feedback control solutions will be developed in the future, based on the low-order model. ϭ solid layer thickness ͑m͒
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